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Abstract 

It is proved that whenever two aperiodic repetitive tilings with fi- 
nite local complexity have homeomorphic tiling spaces, their associated 
complexity functions are asymptotically equivalent (it implies, if the com- 
plexity is polynomial, that the exponent of the leading term is preserved 
by homeomorphism). This applies to d-dimensional infinite words: if two 
Z d -subshifts (with the same conditions as above) are flow equivalent, their 
complexity functions are equivalent. How this result relates to the theory 
of tilings deformations is addressed in the last part. 

1 Introduction 

A Z d -subshift is a closed, shift-invariant subset 5 c A 7 ' , where A is a finite 
set (alphabet). An important tool in the study of subshifts is the complexity 
function. Given an element w G S, its complexity function p w (n) counts the 
number of subwords of w of size n. In dimension one, the definition is clear; in 
higher dimension, there are several definitions for the complexity function, for 
example p w {ri) can count the number of cubic subwords, i.e. subwords which 
are included in a cube of edge length n. The complexity functions considered 
in this article will always be equivalent to this definition. 

The complexity is related with some important combinatorial properties of 
the word. For example, if p w (n) does not grow at least linearly, then w has 
d independent periods, and the subshift is finite (this is due to Morse and 
Hedlund [2] for words of dimension one; see also Lagarias and Pleasants [13] 
for an analogue of this theorem in the more general case of Delaunay sets of 
R d ). 

The point of view which is adopted in this article is that of tilings: a tiling 
is a covering of the plane by geometric shapes (tiles), with no holes and no 
overlap. A d-dimensional infinite word defines naturally a tiling of E d by cubes 
of different colors. A tiling can be associated with a M d -dynamical system in 
the same way a word is associated with a Z d -subshift. In the case the tiling is 



a tiling by cubes, its tiling space is called the suspension of the subshift. Using 
the tiling perspective allows for greater generality. 

It is assumed that the tiling is made using finitely many tiles up to transla- 
tion, and that there are finitely many ways to fit tiles together. This finite local 
complexity condition is necessary to define a complexity function for tilings. In 
this case, pr(r) counts the number of patches in T, of radius at most r. Note 
that there are also ways to define a complexity function in more sophisticated 
ways for tilings of infinite local complexity 16]. 

The main result of this paper is that two homeomorphic tiling spaces (with 
some additional assumptions on the tilings) have asymptotically equivalent com- 
plexity functions. This statement deserves a bit more precision. 

Two complexity functions pi and P2 are said to be equivalent if there are 
some positive constants m, M, C\, C2, such that for all r big enough, 

C lP2 (mr) < Pl (r) < C 2 p 2 {Mr). 

A few remarks: 

• If the functions Pi are at least linear (which is the case for non-periodic 
tilings, by the Morse-Hedlund theorem), then C\ and C 2 can be taken 
equal to 1 (up to adjusting the values of m and M); 

• On the opposite, if the functions pi grow at most polynomially, then m and 
M can be chosen equal to 1 (up to adjusting C\ and C2). In particular, 
if P2 grows like a polynomial, then so does pi, and the exponent of the 
leading term is the same. 



The first observation (Proposition 2.8 1 is that any two reasonable definitions 



of complexity function for a tiling are equivalent in the sense above (namely, 
remark that taking any two norm for defining "patch of size n" would give 
equivalent complexity functions — all things being equal). The main result is 
then the following. 



Theorem 3.14 If h : CI — > f2' is a homeomorphism between two tiling spaces 
of aperiodic and repetitive tilings with finite local complexity, then the associated 
complexity functions p and p' are equivalent in the sense above. 

Corollary. Let T be an aperiodic, repetitive tiling with finite local complexity. 
Assume that its complexity function grows asymptotically like r a . Then the 
exponent a is a topological invariant of its tiling space CIt- 

For subshifts, finite local complexity is automatic. Flow-equivalence of sub- 
shifts is defined as homeomorphism of their suspension. The following result is 
then an immediate consequence of the main theorem. 

Corollary. Two repetitive and aperiodic subshifts ofZ d which are flow- equivalent 
have equivalent complexity functions. 
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From these results, it appears that complexity of a tiling is strongly related 
with the topology of the tiling space. Such links had already been investigated, 
to some extent. For example, for subshifts, it is known that a topological conju- 
gacy is a so-called "sliding block code" (which is referred to as "local derivation" 
in our context, see Definition 2.3 1, and asymptotic properties of the complex- 
ity function are unchanged by an invertible recoding. For continuous tiling 
spaces, there is no longer an equivalence between topological conjugacy and lo- 
cal derivation. Frank and Sadun [16 j proved in a more general setting (including 
even infinite local complexity) , that the asymptotic behaviour of the complexity 
function is preserved by a topological conjugacy of the tiling spaces. These are 
strong arguments for stating that the complexity function is a feature of the 
dynamical system. 

When it comes to how complexity of a tiling relates to the topology of its 
space (leaving the dynamics aside), only qualitative links have been established. 
It was proved in jS] that for an aperiodic tiling of dimension 1, the cohomology 
groups of the tiling space are finitely generated over Q if the complexity function 
is bounded above by a linear function. If one restricts to cut-and-project tilings, 
the result is more general: an aperiodic cut-and-project tiling of dimension d 
has finitely generated cohomology groups over Q if and only if its complexity 
function is bounded above by Cr d for some constant C. 

The methods for proving Theorem 3.14 (namely Lemma 3.9) are somehow 
related with results proved in [7J Chapitre 6]. It was proved that given a small 
deformation of a tiling, the deformed tiling and the original tiling have equivalent 
complexity functions. This result applied to a family of deformations introduced 
by Sadun and Williams. In |18j . they proved that a tiling space is homeomorphic 
to the suspension of a subshift; in [7], it was proved that this homeomorphism 
preserves the complexity. 

It turns out not to be a coincidence that methods which applied for the study 
of complexity of deformed tilings can be used here. In a last section, the links 
between homeomorphism and deformations are outlined. Given h : Q —> CI', 
it defines an element in the mixed cohomology group H^fi, K d ) defined by 
Kellendonk [TO]. This group describes deformations up to topological conjugacy. 
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2 Preliminaries 



2.1 Tilings and tiling spaces 

In our discussion, a tile is a closed compact set of the Euclidean space R d , which 
is homeomorphic to a closed ball, and is the closure of its interior. A prototile 
is the equivalence class under translation of a tile. Note that a tile may be 
decorated (one can think of blue and red squares, for example). Formally, it 
would be a pair (t, I), where t is the tile itself (a subset of R d ) and I is a label. 
This notation will remain implicit, and a tile will just be denoted by t. 

Let A be a finite collection of prototiles, which is fixed from this point on. 
A tiling with prototiles in A is a collection of tiles T = {ti}i<=i, such that for 
all i, the translation class of f j belongs to A. Furthermore, the union of the tiles 
is all of R d , and the tiles may only intersect on their boundaries: t, n tj has no 
interior, unless i — j. 

Given a tile t cR d , and x e R d , the tile t — x is defined as the translate of t 
by x. In a straightforward way, T — x is defined as {ti — x}i e i. It is a tiling, and 
is in general different from T (in our discussion, tilings are not being identified 
when they are translates of each other) . 

A tiling T is periodic if there exists x € R d \ {0}, such that T — x = T '. It is 
called non-periodic otherwise. 

Given a non-periodic tiling, it makes sense to study the set of all tilings which 
cannot be distinguished from it at the local scale. This is the motivation for 
constructing the tiling space, in the same way one can build a subshift associated 
with a word. 

Definition 2.1. Given T a tiling of R d , made from a set of prototiles A, the 
hull of T is the following closure: 

n T = {T-x;xe R d }. 

The closure is taken in the set f2 a n of all tilings made from tiles in A, for the 
topology of the distance defined by: 

D(T 1 ,T 2 ) < e if 3x 1 ,x 2 e M d , with < e, 

such that (Ti — Xi) agrees with (T 2 — x 2 ) on B(0, 1/e), 

and D is bounded above by 1 /\/2. 

Note that all elements in Qt are tilings themselves, and therefore there is an 
action of K d by translation on fix- This action is continuous for the topology 
defined above. 

A tiling T is said to have finite local complexity (or FLC) if for all R > 
there is a finite number (up to translation) of patches of the form T n B(x, R), 
for x e R d . Here, T n B(x,R) stands for the patch of all tiles which intersect 
the ball B(x,R). 

A tiling T is said to be repetitive if for all finite patch P C T, there exists 
R > such that a translate of P appears in T n B(x, R), for any x G R d . 
The following proposition is well known. 
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Proposition 2.2. Let T be a non-periodic and repetitive tiling, with finite local 
complexity. Then the tiling space fix is a compact space, and the action by 
translation is minimal. When there is no risk of ambiguity, the tiling space is 
just written fl. 

Note that all these definitions, which hold for tilings, would also hold for 
other patterns, as long as it is possible to define what a patch is, and what 
"identical up to translation" means. Delaunay sets are an important example. 
A Delaunay set of M. d is a subset X c Mr, which is uniformly discrete and 
relatively dense. These two conditions mean respectively that there are two 
constants m and M such that any two points in X are separated by a distance 
at least m; and any point in M. d is within distance at most M of a point in X. The 
definition of patch (or local configuration) of X now becomes transparent when 
using the notation X n B[x, r). From there, the definitions of FLC, repetitivity 
and aperiodicity, as well as the definition of the hull (and its properties) are 
unchanged. 



2.2 Local derivations, and transversals 

Given a tiling T, the associated tiling space £It is sometimes called the "contin- 
uous" hull. It is also possible to describe a "discrete" tiling space, which is the 



analogue of a subshift in the symbolic setting (see Section 2.4 1. Amongst other 
properties, it is a subset of f2, it intersects all M d -orbit and its intersection with 
any orbit is countable. It does not carry a Z d -action in general. This discrete 
tiling space is sometimes called a canonical transversal. The canonicity of this 
transversal leaves however a lot of room for choice. 
First, define what a local derivation is. 

Definition 2.3 (see [5]). Let f2 and f2' be tiling spaces of repetitive and FLC 
tilings. A local derivation is a factor map (i.e. it is onto and commutes with 
translations) tp : fi — > Cl' which satisfies the following local condition: 

3r, R > 0, VTeO, <p(T) n B(Q, r) only depends on T n B(0, R). 

These conditions really mean that tp is a map defined on patches of size R, 
and <p(T) is obtained by gluing together the images under <p of the patches out 
of which T is made. In this case, <p(T) is said to be locally derived from T. 
When <p is invertible and ip~ x is also a local derivation, T and <p(T) are called 
mutually locally derivable, or MLD. 

Definition 2.4. Let be a tiling space, and T> be a local derivation rule defined 
on il, such that for all T 6 il, T>(T) is a Delaunay set. Such a rule is called a 
local pointing rule. The canonical transversal associated with T> is the set 

Z V = {T efl;0eV(T)}. 

The Delaunay set T>(T) is repetitive and has finite local complexity, since T 
has these properties itself. It does not need to be MLD to T, or even aperiodic 
(see Figure [TJ. 
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Figure 1: A local pointing rule, as denned on a set of rectangular tiles of size 2x1. 
Given any domino tiling made from these tiles (with dominoes meeting full-edge to 
full-edge), its associated point pattern will be periodic, even when the tiling is not. 

Usually, what is called "canonical transversal" is built by choosing a pointing 
rule T> which selects exactly one point in the interior of each prototile (for 
example their baryecntre if the tiles are convex), and by pointing the tilings 
consistently. 

Canonical transversals in the sense above are abstract transversals in the 
sense of Muhly Renault and Williams [TS]. The reason why they are called 
"canonical" in spite of their apparent lack of canonicity is because T and T' are 
close in a canonical transversal if they agree exactly on a large ball centred at 
the origin (not up to a small translation). 

Remark 2.5. If S is a canonical transversal in a tiling space J7, the topology on 
S is induced by the family of clopen sets: 

U P = {Te~; PdT}, 

where P is in the family of admissible patches. Equivalently, it is induced by 
the metric: 

D'(T, T') = inf ({e > ; T n 5(0, e" 1 ) =T'n B(Q, eT 1 )} U {I/a/2}) . 

Another description of the "canonical" transversals is that they are vertical 
with respect to a (truly) canonical solenoid structure on the tiling space. 

Theorem 2.6 (see for ex. OH])- The tiling space associated with a repetitive, 
aperiodic and FLC tiling is an abstract solenoid in the following sense: for each 
T £ Q, there is a neighbourhood V of T , and a chart map tp, which maps V 
homeomorphically to the direct product of a Cantor set by a ball ofM. d . Further- 
more, ip commutes with the action ofM. d by translation whenever this action is 
defined. Also, the transition maps satisfy the property: 

tpoip- 1 ^,!) = {£',X -t^ otp -l), (1) 

where £' depends on £, but the translation vector t^ oip -i only depends on the 
chart maps. 
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Proof. This is a partial proof in order to outline how the canonical solenoid 
structure is chosen. Property is not be proved here. 

Let TeSl. Let ? = J 1 fl B(0, 1) be a small patch of T around the origin, 
and let e > be small with respect with the inner radius of the tiles. Define 
the derivation rule 

D(T') = {x e R d ; P C T' - x}. 

It is clearly a local rule, and the associated transversal Hp is the set of all tilings 
which coincide with T up to radius at least 1. If T is repetitive, aperiodic, and 
has finite local complexity, these are classic facts that Hp is a Cantor set, and 
that D(T') is a Delaunay set for all T . 
Now, consider the map 

tp : Hp x 5(0, e) — ► ft 

(T',x) i — > T'-x. 

It is clearly continuous, by continuity of the action. It is one-to-one, because 
e was chosen small. It is therefore a homeomorphism onto its image, by com- 
pactness of the source space. Finally, it is an exercise to check that the image 
of tp restricted to Hp x B(0, e) is open in f2. It provides the desired chart. It is 
important to remark that, by construction, the chart maps commute with the 
action of R d whenever it is defined. □ 

It can be proved that the canonical transversals in the sense of Definition |2.4| 
are exactly the vertical transversals for this solenoid structure, that is: subsets 
H C f2 which can be covered by chart boxes, and such that in each box V ~ 
X v x B(0,e v ), 

znv~xx {o}. 

2.3 Complexity 

The complexity function of a tiling T is a function p, such that p(r) counts the 
number of patches of size r in T. This require to define what "patch of size r" 
means in this context. While, in the 1-dimensional symbolic setting, there is 
no question about what a word of length n is, the situation is not so obvious 
in the continuous case. However, it appears that the asymptotic properties of 
the complexity function are unchanged by picking any reasonable definition of 
"patch of size r". 

First, remark that a tiling T needs to have FLC in order to have a well defined 
complexity function (at least, in terms of naively counting patches — see |16j 
for ways of defining complexity for tilings without FLC). Second, if a tiling 
T is repetitive, then all tilings in its hull have the same complexity function. 
Therefore, for minimal tiling spaces, a complexity function is associated with the 
space rather than with one specific tiling. This justifies the following definition. 

Definition 2.7. Let be a space of tilings which are repetitive, FLC and 
aperiodic. Let I? be a local pointing rule, and H the associated transversal. 
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Then, the complexity function associated with these data, noted pz or px> is: 

Ps(r) = Card{T n B(0, r);TeZ} 

= Card{(T -x)n B(0, r) ; x £ V(T )} for any T £ ft. 

According to this definition, the complexity function counts the number of 
pointed patches of size n, where the pointing has to be chosen in advance, and is 
not canonical to the tiling. However, it turns out that changing the transversal 
doesn't change the complexity function. 

Proposition 2.8. Let CI be a tiling space, and S 1; S 2 be two canonical transver- 
sals associated with pointing rules T>\ and T>2 respectively. Then the complexity 
functions ps t and ps 2 are equivalent in the following sense: 

Ps 2 (r-c) < p Bl (r) < p 32 (r + C) 

for some constants c, C and all r big enough. 

Proof. Let T £ tl. First, let T> be the pointing rule defined by 

V(T) = V 1 (T)UV 2 (T). 

It is a pointing rule itself: T>(T) is locally derived from T, it is relatively dense, 
and the uniform discreteness comes from finite local complexity of T (and hence, 
finite local complexity of T>(T)). 

Let H be the transversal defined by T>. It is sufficient for proving the theorem 
to show that ps is equivalent (in the sense above) to pst, for i = 1,2. Let us 
prove it for i = 1. 

For any given r, let X r be the set of all patches of the form (T — x) H B(0, r), 
with x £ T>(T), and Y r be the similarly defined set with x £ T>i(T). First, it is 
obvious that Ps 1 (r) < p~(r) for all r (since Y r C X r ). Conversely, let R be the 
constant such that for all x £ M. d , B(x,R) intersects T>i(T). Then, for all patch 
P £ X r , there is a patch P' £ Y r+ ^ such that P is a subpatch of P' (more 
precisely, there is x £ B(0, R) such that P + x £\ P', see Figure [2j. Therefore, 

Ps(r)<p Sl (r + C). 

□ 

Since the choice of a transversal does not change the asymptotic behaviour 
of the complexity function, it is acceptable to write "the complexity function 
of T" when there is no risk of ambiguity. It is understood that an unspecified 
transversal is chosen, the choice of which is not important. 

Remark 2.9. It can also be proved that these pointed complexity function p~ 
are equivalent to an unpointed complexity function p, where p(r) is the number 
of equivalence classes up to translation of patches of the form T n B(0, r), for 
T 6 ft. It is proved in [7J Proposition 1.1.20]. 
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Patch of radius R + r 



Patch of radius r 



Figure 2: T>\ is sparser than T>; yet, any patch of size r centred at a point of O is a 
subpatch of some patch of size R + r centred at a point of 2?i. 

Changing the transversal does not change the complexity. It is worth notic- 
ing that applying an invertiblc local derivation to a tiling also preserves the 
complexity function. It can be proved directly by remarking that a local deriva- 
tion is essentially a map from patches to patches. The proof is not included 
here. See Theorem |3.7| for a more general result. 

Proposition 2.10. Let T G Q and T' S Q' be two tilings which are mutually 
locally derivable. Then their complexity functions are equivalent: 

p{r — c) < p'(r) < p(r + C), 

for r big enough. 

The notions of equivalence which are used in the propositions above are quite 
fine. It is appropriate for our purpose to have a coarser notion of equivalence 
between complexity functions. 

Definition 2.11. Two complexity functions p± and pi are equivalent if there 
are C%, C%, to, M > such that for all r big enough: 

Cip 2 (mr) < pi{r) < C 2 pi{Mr). 

Remark that it is indeed a coarser notion that the ones above. However, 
the notion of a "patch of size r" is itself not uniquely defined: it depends on a 
choice of norm of M. d . By equivalence of norms in finite dimension, two different 
choices of norms would produce equivalent complexity functions in the sense 
above. Therefore, and unless there is a reason to prefer one norm over others, 
it is fine to use this coarser noton of equivalence. 

2.4 Formalism of symbolic dynamics 

Tiling spaces also appear as suspension of subshifts. A c?-dimensional subshift 
is a subset of A z , where A is a finite set of symbols (finite alphabet). There is 
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a natural action a of 7L d on this set, denned by 

[u n (w)] k = w fe _„, 

for n € Z d . 

Given ui e A z , the subshift associated with to is the smaller subset of A z 
which contains co, is closed and is shift-invariant. Equivalently, it is the closure 
of the orbit of uj for the product topology. 

The notions of aperiodicity and repetitivity are straightforward. Finite local 
complexity is automatic if A is finite. 

Definition 2.12. Let H be an aperiodic, repetitive subshift on 7L d . The sus- 
pension of S is the following space: 

SZ = ZxR d / ~ 

where ~ is the equivalence relation generated by 

(w,x) ~ (a n (co),x - n), n e 7L d . 

It carries naturally a M^-action by translations. 

In practice, it is convenient to view elements of S as tilings by <i-cubes of 
edge-length 1, and (lu, x) e S3 can be interpreted asw + i. The tiling topology, 
as defined above, coincides with the quotient topology on this suspension. 

Definition 2.13. Two subshifts Si and S 2 are said to be flow- equivalent if their 
suspensions are homeomorphic. 

3 Homeomorphisms between tiling spaces 

In this section, the consequence on the complexity function of a homeomorphism 
between two aperiodic, FLC, minimal tiling spaces is investigated. 

3.1 Consequences on the Groupoid 

Given a dynamical system, it is possible to define a groupoid which carries 
information on the space, the group, and the action of the latter on the former. 
Groupoids also serve as a generalization of group action, when there is no group. 
For example, a tiling space carries an action of R d . In one dimension, this action 
of R restricts to an action of Z on a transversal 5 (by the first return map). 
In higher dimension, there is in general no group action on the transversal; 
however, a groupoid can be defined as a replacement. 

Definition 3.1. A groupoid G is defined as a small category with inverses. It 
consists of a set of base points G^ , and a set of arrows G between them. Given 
x e G, it has a source and a range s(x) and r(x) in G^ and the product xy 
is well defined if r(y) — s(x). For all p € G^ there is an element e p which is 
neutral for multiplication (and p is identified with e p , so that G^ C G), and 
for all x there is x" 1 such that xx^ 1 = r(x), x~ x x = s(x). Finally, the product 
is associative, whenever it is defined. 
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Definition 3.2. A tiling space has an associated groupoid, noted xi R d , 
which is defined as the direct product of f2 and R d , with range map, source map 
and product defined as follows: 

s(T, x) — T, r(T, x) = T — x, 

(T, x) ■ (T', x') = (T', x + x') if T'-x' = T. 

The topology on this groupoid is that induced by x R d . 

Consider a homeomorphism h : il — > f2' between two aperiodic, FLC and 
minimal tiling spaces. By Theorem |2.6[ the path-connected components in such 
tiling spaces are the orbits. Since a homeomorphism has to send path-connected 
component to path-connected component, we can define the following map. 

Definition 3.3. Let h : — > ft' be a homeomorphism. Then for all T E il, 

let h T ■ R d -> R d be the function defined by 

h(T-x) = h(T) - h T {x). 

Theorem 3.4. Given a homeomorphism h : £1 — > £1' , the junction 

tt x R d — > R d 
(T, x) i — > h T (x) 

is continuous in two variables. Furthermore, for any fixed T , hT is a homeo- 
morphism. 

Proof. The first step of this proof is to show that for any given T £ fi, the map 
x i y hx(x) is continuous. The map hr is defined as the map which makes the 
following diagram commute: 



Orb(T) 



O 
h 



Oxb{h{T)) 



where Orb(T) is the orbit of T in SI under the action of R d . The difficult 
point is that the action maps R d continuously and bijectively onto Orb(T) via 
x i — ^ T—x; however, for the relative topology induced by that of f2, Orb(T) is not 
homeomorphic to R d , and not even locally homeomorphic. Indeed, the image 
of an open set is not open (in general) for the induced topology, and Orb(T) is 



not locally connected. However, Theorem 2.6 gives information about the local 
structure of the leaves, which allows to prove that hx is a homeomorphism. 

Here, the sequential characterization of continuity is used: T and x being 
fixed, let (x„)„ e N be a sequence converging to x. Let 7 : [0, 1] — > R d be the 
continuous path from x\ to x, such that 7 restricted to [1 — 2~ n , 1 — 2~(™ +1 )] 
is the constant speed paramctrization of the segment [x n + 1, x n +2\- To prove 
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continuity of /if at x, it is enough to prove that hx °7 tends to hx(x) as £ tends 
to 1. 

Since h, 7 and of the action of M. d on are continuous, /i(T — 7(f)) is close 
to /i(T — x) provided f is close to 1. Assume t is close enough to 1 so that for 
all t > to, h(T — 7(i)) is in a chart box of the form V ~ v X x B(0,e) around 
h(T - x), and such that (p(h(T - x)) = ((,0). 

For t > to, the path t i-t ip o h(T — j(t)) is a continuous path in X x B(0, e), 
and therefore must be included in a path-connected component of the form 
{£'} x B(0, e), and therefore be of the form (£', rj(t)). Since <poh(T — j(t)) needs 
to tend to (£, 0), it is actually the case that £' = £. 

Finally, 

ip o h(T - 7 (t)) = ^(/i(T) - ft T o 7 (t)) c {0 x S(0, e), 

= »;(*))• 

Now, r/(i) tends to zero on the one hand, and is equal to /ir(7(£)) — hr{x) on the 
other hand (because 95 commutes with the action of M. d whenever it is defined, 



see Theorem 2.6 1 . Therefore, h T (j(t)) tends to h T {x), and h T is continuous. 

The second part of the proof is to show that the function is continuous of 
two variables. Let (Tq,Xq) eSlx M. d . What needs to be shown is 

Ve > ; 3(5 > ; V(T, x) e n x R d , 

(||a: -sco || <<5and D(T,T ) < \\h T (x) - h To (x Q )\\ < e. 

Let e > 0. Let 80 be such that whenever T\,Ti are Jo-close, then their images 
by h are e/3-close (using uniform continuity of h). Finally, let 

S = min^o 1 + \\x \\+2S )- 1 ,5 /2}. 

Let now T £ O in a ^-neighbourhood of T . Then, up two small translation of 
combined size less than 28 < So, T and To agree on B(0, S^ 1 + \\xq\\ + So)- Then, 
for all y S B(0, \\x\\) and all y £ U d with ||y - y || < S < S Q /2, the tilings T-y 
and T — yo agree at least on B(0, So) up to a small (less than S) translation. 
This last statement holds in particular for y — Xx (AG [0, 1]). 

Let x G B{xo,5), and T € O be (5-close from T . Then, for all A e [0, 1], 
h(T — Xx) and h(To — Xxo) are e/3-close. Assume (by contradiction), that 
||/it(x) — /ir (xo)|| > £• Since hx and hx are continuous, and ||/it(0) — ^t (0)|| = 
0, one can use the intermediate value theorem: there exists a Ao € [0, 1] such 
that \\]it(Xox) — Iit (XoXo)\\ — e. One has 

h(T - A x) = h(T) - h T (X x) 
h(T - Xoxo) = h(To) - h To (X xo). 

On the one hand, h(T) and h(To) match around the origin up to a translation 
smaller than e/3. On the other hand, so do the left-hand sides of the equations 
above. Besides, hr(Xox) and 1it (XoXo) differ by exactly e. Since e much smaller 
than the radius of a tile, it is a contradiction. □ 
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Remark 3.5. The map (T,x) <-> hx(x) is actually a groupoid morphism (where 
the additive group M. d is seen as a groupoid with one basepoint). It results from 
a direct check: 

h r(x + y) = h T (x) + h T - x (y)- 

This relation can also be called a cocycle condition for a reason which will be 
addressed in the last section. 

Remark 3.6. A consequence of this result is that the following map 

x R d — > 9! x R d (T, x) i — ► (h(T), h T (x)) 

is an isomorphism of continuous groupoids. Therefore, by |17j . the associated 
cross product C*-algebras are isomorphic. An interpretation of this fact is that 
the local product structure of FLC tiling spaces forces strong links between 
topology and dynamics: if the topological spaces are homcomorphic, it implies 
that the groupoids and associated C* -algebra — which encode the dynamics — are 
isomorphic. 



3.2 Consequences for the complexity function 

In this section, it proved that whenever there is a homeomorphism between 
two tiling spaces, the complexity functions are equivalent in the sense of Defini- 
tion |2.11| If the complexity is high, then the tiling systems may have entropy. 
In this case, the entropy is not preserved by homeomorphism (even though the 
fact that it is positive is). However, if the complexity grows polynomially, then 
the exponent is preserved by homeomorphism. 

Frank and Sadun have proved in |16] that whenever two tiling spaces are 
topologically conjugate, their complexity functions are equivalent. Their result 
involve a different complexity function as the one which is used here, as it can 
measure complexity of tiling spaces with infinite local complexity. Here is how 
their result would read in our framework. 

Theorem 3.7 (Frank-Sadun). Let h : £1 — > Q' be a topological conjugacy 
between two tiling spaces (that is a homeomorphism which commutes with the 
actions ofM. d by translation). We assume that the tiling spaces are aperiodic, 
minimal, with FLC. Then, there are two canonical transversals 5 C and 
S' C f2', such that the associated complexity function p and p' satisfy 

p(r — a) < p'(r) < p(r + b). 

for some constants a and b, and all r big enough. 



Note that by Proposition |2.8[ it is not important which transversals 3 and 
2' are chosen, as any complexity functions would then satisfy this inequality. 

We include a sketch of the proof, with a simplifying assumption that h sends 
a vertical transversal to a vertical transversal. Even in this simplified setting, the 



proof contains the main ideas which will be used in the proof of Theorem 3.14 
It will be pointed out how they should be generalized. 
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Proof. Let S C £1 be any canonical transversal. It is assumed that 5' := h(E) 
is a canonical transversal itself (this is a simplifying assumption, as it shouldn't 
be expected in general). 

The goal is then to compare the functions p and p' associated with 3 and 
S' respectively. Let e < 2~ 1 / 2 . By uniform continuity of h, there is a 5 < 2~ x / 2 
such that for all T, T e 3, if T and T" are at least 5-close, then fc(T) and /i(T') 
are at least e-close. In terms of patches, it means that if X and T" agree on 
5(0, J" 1 ), then their images agree on £?(0,e 1 ). In particular, h(T) and h(T') 
have the same local configuration at the origin. 

Now, e and S being fixed, let r > 0, big enough so that it is big compared 
to and <5 _1 . Assume X and X" agree on a ball of radius r + e _1 . Then it 
means that for all x € M. d with ||x|| < r, X + x and T' + x agree on -8(0, <5 _1 ). 
Using the fact that h is a conjugacy, it means that for all such x, h(T) + x and 
h(T') + x agree on i?(0,e _1 ). Therefore, T and X" agree up to radius r + <5 _1 
implies that their images agree up to radius r + e^ 1 . Therefore, 

p(r + <5 _1 ) > p'(r + e^ 1 ). 

Exchanging h and one gets the other inequality. □ 

This proof has three essential ingredients: 

1. The image of a transversal is a transversal (simplifying assumption); 

2. The map h is uniformly continuous, and it allows to control how two tilings 
agree on an immediate neighbourhood of the origin when their preimages 
do; 

3. The conjugacy sends orbits to orbits in a trivial way (given X, the map 
fix is the identity map) , so that patches of tilings in f2 can be compared 
to patches of tilings in il'. 

In the case when h is just a homeomorphism, point (2) is still satisfied. Point 
(1) is not satisfied, however it is very close to being satisfied: for all e > 0, there 
are transversals ScSJ and 5' C fl' such that h(E) and 5' are within distance e. 

The main difficulty is point (3). Given a ball of radius r in an orbit, what is 
the radius of its image by hi We need to control how hr(B(0, r)) grows with r. 
Lemma [3. 9 1 and its corollary shows that is not far from being Lipschitz. 

The following lemma addresses point (1) above: a homeomorphism between 
two tiling spaces is very close to sending canonical transversal to canonical 
transversal. 

Lemma 3.8. Let h : £1 — > fi' be a homeomorphism. Then for all e > 0, 
there is a vertical transversal S C f2, a vertical transversal H' C f2', and a 
homeomorphism h £ : f2 — > Of such that 

• Ms) = 3'; 

• h and h £ are isotopic; 
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• there is a continuous function s : — > M. d , which is bounded by e, such 
that h e = h — s. 



Proof. Let e > 0, which is assumed to be small compared to the inner radius 
of the tiles. By uniform continuity of h, there is a S > such that d(T, T') < S 
implies d(h(T), h(T')) < e. Then, there is a chart box Vq C f2', of diameter less 
than e. Let Uo be a chart box in such that Uo C h~ 1 (Vo). Then we have the 
following picture for some 6' < 6 and e' < e. 



U 



X x B(0,6') 



Vn 



X a x 5(0, e') 



where tp is induced by h (so that the diagram commutes) . See also Figure [3] 
When no confusion can arise, ip will not be used, and this map will just be noted 
h, possibly with the precision "in coordinates". 



U 



•T 



(p ~ h 



jh(T) 



V 



Figure 3: Uo and Vq, as initially built. They need pruning: for example Vb is too tall. 
First, pick a box-shaped neighbourhood of h(T) inside h(Uo) (dark grey neighbour- 
hood). Then, widen it (light-grey neighbourhood). Finally, trim Uo so that its image 
is now included in the light-grey neighbourhood. 

With a good choice of charts, we can assume that (/?(£, 0) = (£', 0) for some 
( £ lo an d C <= X Q . Call T and Tq the tilings corresponding to (£,0) and 
(£',0) respectively via the chart maps (so that h(To) — Tg). Note that h(Uo) is 
open in Vq. Therefore, there is a neighbourhood of Tq, V' ~ X' x i?(0,e' 1 ) such 
that V C h(U~o). Let now V ~ X' x B(0,e'), and U be the largest open subset 
of Uo such that (p(U) C V. It is easy to check that it is of the form X x B(0, 5'), 
with X a clopen subset of Xq. 

Let 3 and 3' be the vertical transversals included in U and V respectively, 
such that 5 ~ X x {0} and 5' ~ X' x {0}. 

We now have U and V two chart domains with h(U) C V, and two transver- 
sals EcU and 5' C V such that 5' ch(U). 
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h(U) 



Figure 4: The construction of 3 and 3'. The diameter of U is at most 8 and the 
diameter of V is at most e. 

The next step in the proof is to build a map 5 — > E' which is induced by h. 
The definition itself is straightforward: for each T e E, there is a unique T" G 5' 
which belongs to the same connected component of V as h(T). Define h e (T) to 
be this T. It is clear that for all T e E, h s (T) = h(T) - s(T), where s(T) is a 
translation vector of norm less than e (since the diameter of V is less than e). 
Two things need to be shown: first, that h £ is indeed continuous; then, that it 
can be extended to a function on all and not just on 5. 

To this end, it is proved that s is a continuous function. Let w > 0, which 
is assumed to be small with respect to the size of the tiles, and T\ £ E. By 
continuity of h, there is v > such that for all T £ E which is ^-close to T\, the 
images by h of T and T\ are fy/2-close. It implies that there is an x e R d , with 
< rj, such that h(To) and h(T) — x match exactly around the origin. In 
addition, since h £ (T) = h(T) - s(T) and h e (T ) = h(T ) - s(T ) both belong to 
5', they need to match exactly around the origin (because e is small). Therefore, 
when restricted to 5(0, £ _1 ), one has (the notation = r stands for "agree around 
the origin up to radius r"): 

h(T Q ) - s(T ) = 1/e h{T) - s{T) so 
h(T ) - s(T ) = 1/e h(T) -(x + s(T Q )), 

and since ||x|| and s(Tb) are both smaller than e (which is small compared to 
the size of tiles), the only way that the last two tilings can match around the 
origin is if s(T) = s(T ) + x, which implies || s(T ) — s(T)\\ < r\. Since r\ could 
have been chosen arbitrarily small, it proves that s is continuous on 5. 

This last fact provides an instant proof of the continuity of h £ on E: indeed, 
h s = h — s, both h and s are continuous, and R d acts continuously on ft by 
translations. 

Let us now show that h e can be extended on Q,. It is done by extending s. 
First, (p (induced by h) extends to a map defined on the closure of its domain 
(by continuity of h on ft). It is still noted ip: 

ip:Xx B(0,S') — -> X' x 5(0, P) 
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Then, for all (el, there is a map : x H> (p(£, x) defined on the closed ball of 
radius 6', which is a homeomorphism onto its image. By construction, its image 
contains in its interior. Let x^ :— tpj 1 ^). It is an inner point of the closed 
disk. Then, let us explicitly provide a homeomorphism from the closed disk 
to itself, which leaves the boundary invariant and sends to x^. 

Let a(y) = 1— ||y|| /S' defined on B(0, 5'). Notice that it is on the boundary, 
and takes value 1 at 0. Now, define 

h(y) = y + <y>t- ( 2 ) 

It is clear that /^(0) = x%, and leaves the boundary invariant. Furthermore, 
y i — ^ a(y)x£ is fc-Lipschitz, with k — \\x^\\ / 6' < 1. Therefore, is one-to-one, 
and so it is a homeomorphism onto its image. 
Now, one can check that the norm of f%(y) is 

ll/«(2/)ll = NI + NII-NIINII/^ 
= s ,(\\v\\ , Nil Nllklh 

\ S' 5' 5' 8' ) 

and a simple study of the function (a, /?) i— > a + f3 — a/3 on the domain [0, l] 2 
shows that it is bounded by one. Therefore, the range of is included in the 
closed ball B(0, 5'), and it contains its boundary. By an argument of algebraic 
topologjQ /{ is therefore onto, and is a homeomorphism of the closed ball. 

It is a quick check that the function £ i— >• fg is continuous on S. Indeed, the 
continuity of h e implies that (£, ) = hr x o /i e (£, 0) is a continuous function of 
£ (expressed in coordinates, the chart maps being implicit). In addition, the 
map x i y (id(-) + a(-)x) is continuous for the topology of uniform convergence 
on the space of functions on the ball. It gives continuity of £ fe. 

Now, it is possible to extend the function h e on U ~ X x B(0,5'): in 
coordinates, it is defined as /i e (£, y) = (£, f%(y))- It amounts to precomposing h 
with on each leaf. It is clear by definition of the that this map restricts to 
h E on 5, as expected. The continuity of £ >-> fa shows that h e is continuous on 
U. Finally, because of the boundary conditions put on the function h e can 
be extended continuously by h on the complement of U. 

The last point to prove is the isotopy between h e and h. It can be done by 
replacing the definition of /j in Equation ^ by the following one: 

h,t(v) = y + ta >(y) x i> 

for a parameter t £ [0, 1]. Leaving the rest of the construction unchanged, the 
result is a family of functions (h te )t^[o,i]- For t = 1, the function is just h e ; for 
t = 0, it is h = h. This provides the desired isotopy. □ 

The function h £ being a well defined homeomorphism il — > 17', it is possible 
for all T £ n to define h £ T : R d ->• R d in the same way hr was defined. 

1 Assume w in the interior of the ball is not on the range of Then f t composed with 
z i-> 5'[z — to)/ — w\\ maps the closed ball onto the closed sphere continuously, which is a 
contradiction. 
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Lemma 3.9. There is a M > such that for all T S S and all igl satisfying 

\\he,T(x)\\ <M\\x\\. 

Proof. Let T S 3 and T' = h e (T) G S'. Let P and D' be the pointing rules 
associated with transversal S and 5' respectively. It immediate to check that 
X € V{T) if and only if h £ , T (x) € P'(T'). 

Let T be a triangulation locally derived from 2?, such that the set of vertices 
is exactly T>. A triangulation is a tiling where each tile is a (i-simplex, and two 
tiles meet on a d — 1-simplex. One well known way to do so is to use Delaunay 
triangulations of K d with vertices in T>(T). Such triangulations are in general 
dual from the Voronoi construction. In some (non-generic) cases, the Delaunay 
triangulation is not unique, but by making consistent choices, it is possible to 
ensure that T(T) is locally derived from T. See [50], for a reference. 

Let g : W l — s- R d be the function defined as follows: given x € M. d , it 
belongs to a simplex, so it is uniquely written as a convex combination (with 
non-negative coefficients) of its vertices, which are elements in T>: 

d 

x = \ v + Xtvi + ... + X d v d , A fc > 0, 2jAfe = 1. 

k=0 

Then, define 

d 

fc=0 

This map g is onto, but does not need to be one-to-one, see Figure [5] It is affine 
by parts, and using finite local complexity of T, there are finitely may linear 
maps underlying the affine maps. A consequence of this is that g is Lipschitz, 
with coefficient M. Finally, g agrees with h e ^p on T>. 



Figure 5: A local pattern of the triangulation can be sent to a pattern which is com- 
binatorially a triangulation, but with an overlap in the geometric realization. Remark 
that the shaded triangle has a "wrong" orientation on the right. In this case, the map 
g is not one-to-one. 



18 



Now, let us prove the lemma. Let ieI* 1 such that T-i£2 (that is: let 
xeV). Then 

\\h e ,Ax)\\ = \\h E , T (x) - h EtT (0)\\ 
= \\g(x)-g(0)\\ 
<M||x-0|| =M||x||. 

□ 

This lemma has the following consequence. 

Corollary 3.10. There is a M > and a C > such that for all T £ fl and 

all x £ K d , 

\\h e ,T(x)\\ < M\\x\\+C. 

Proof. Let S and 3' be the vertical transversal involved in the construction of 
h s , and let T> be the local pointing rule associated with 3. Using the Dclaunay 
property of T>(T) for T 6 il, there is R > such that any ball B(x, R) intersects 
V(T), for any TeSl. 

Using continuity of (T, x) (->■ h e ^{x) (see Theorem 3.4 1, the image of the 
compact set f2 x 5(0, J?) is compact, and in particular is bounded. It is therefore 
included in B(0,c). 

Let now be x £ K d and T G fl. Then there are y, z € K d of length less than 
i? such that T — y € S and T-i-zgH. One can write: 

||fcr(x)|| = 11^(1/+ (» + *-!/)-*) II 

= \\h T (y) + h T ^ y (x + z-y) + h T - x - z {-z)\\ 

< c+M(\\x\\ + \\y\\ + \\z\\) +c 

< 2c + 2MR + M\\x\\ . 

The equality from first line to second uses the definition of hx, the first inequality 
follows from Lemma 13.91 The result follows, with C — 2c + 2MR. □ 



This previous lemma is the key for estimating the size of hr(B(Q,R)) as R 
grows. A few additional lemmas still need to be proved before tackling the main 
theorem. 

The two following lemmas are treat the following problems: how can a given 
x £ R d be approximated by a sum of small "return vectors" (Definition 3.121; 
and how h e ^{v) is locally constant in T when v is a small return vector. 

Lemma 3.11. Let V be a Delaunay set which is irrelatively dense, that is: 

|J B(p,R) = R d . 

Let x € T> and y £ M. d , such that ||x — y\\ > 2R. Then there exists x' £ T>, such 
that 

\\x' - x\\ < 3R and \\x' —y\\ < \\x — y\\ — R. 



19 



Proof. Define 

x — y 

\\ x - y\\ 

By the Delaunay property, there exists x' £ V which is within distance R of z. 
It is a quick check that — x'\\ < 3R, and 

\W — < ||a/-«|| + ||2-y|| 
< R+ \\x-y\\ -2R 
= \\x-y\\-R. 

□ 

Definition 3.12. Let CI be a tiling space, and S be a canonical transversal 
associated with the local pointing rule V. Then the set 

V = {v £ R d ; 3T £ E, T-v£~} 

is discrete (by FLC), and is called the set of return vectors on S. By definition, 

v= IJ V ( T )- 

T6H 

Given v £ V, define 

Z v = {T£Z;T-v£Z}. 
By finite local complexity, it is a clopen subset of S. 

Lemma 3.13. Let h £ : — > CI' be a homeomorphism, which sends a transver- 
sal S to a transversal 5'. Let V be the set of return vectors on S. 

Let A > 0, and V\ be the set of all return vectors of length at most A. Then 
there exists v > such that for all v £ V\ and all T\ , T 2 £ E v , 

D(T U T 2 ) <v=^ h £<Tl (v) = h £!T2 (v). 

Proof. Given v £ V\, the map 

T i y h T {v) 

is continuous on S„, and it maps v to return vectors on S' (indeed, by definition 
of S„, both T and T — v are in S, and therefore their images are in S'). It is a 
continuous map from a compact set to a discrete set (by finite local complexity) . 
It has therefore finite range, and is locally constant. This gives a constant u v , 
such that 

D(T U T 2 ) <v v =^ h £tTl {v) = h e . T2 {v). 
Since Va is finite, the lemma follows. □ 
All the tools are now available for proving the main theorem on complexity. 
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Theorem 3.14. Let h : f2 — > f2' be a homeomorphism between two aperiodic 
repetitive tiling spaces with finite local complexity. Then there exist a transversal 
3 C and a transversal 3' C Q' and two constants m, M > suc/i £/ia£ /or aiZ 
r &m/ enough, 

Pz>(mr) < ps(r) <Ph'(-^^)- 



Proof. Let 5, 3' and /i £ be given by Lemma |3.8| Denote by V and 2?' the local 
pointing rules associated with 3 and H'. 

The strategy of this proof is to use Lemma |3.9| to prove that whenever 
T,T' £ 3 disagree within radius r, then their images in 5' need to disagree 
within radius at most Mr, for some constant M which does not depend on r. 
It will prove that 

Ps(r) < ps'(Mr). 

The other inequality will be obtained by repeating the same argument for h~ x . 

Let R be the constant such that the Delaunay sets T>(T) are irrelatively 
dense. Let v be the constant given by Lemma |3.13| for A = 3R, so that if 
v £ V3R and T\,Ti £ S„ agree up to radius v , then Ht^v) does not depend 
on i. 

Let 6 > 0, which is assumed to be small with respect to the radius of the 
tiles, and smaller than v. Assume also that <5 -1 > 3R. By uniform continuity 
of there is e > such that 

VTi.Ta G 5, D(Tt,T 2 ) > (S' 1 +3R)- 1 => D{h{T{), h(T 2 )) > e. 

Let now Tx,T% £ 3, such that 

^(Ti.TaJ^^+r)- 1 , 

which means that these two tilings fail to agree on a ball of radius r+5^ 1 . Then, 
there exists x £ M. d with ||x|| < r, such that T\ — x and T 2 — x fail to agree on 
a ball of radius S^ 1 . The natural follow-up is to claim that h(T\) — hr^x) and 
h(T 2 ) — hr 2 (x) disagree within radius e -1 , and since || /it- (a;) | < M||x||, then 
h(Ti) and h(T 2 ) disagree within radius Mr + e _1 . This line of reasoning fails 
because there is no guarantee that h^ix) = hr 2 (x). Some precautions have to 
be taken. 

Run the following algorithm, which is illustrated by Figure [6j 

1. Initialize k — 0, and start with Xk = xq = 0; 

2. HTx—Xk andT 2 — Xfe do not agree on B(0, 3i?+<5 -1 ), stop the algorithm. If 
they do agree (which means that \\x — Xk\\ must be at least 3R), continue 
to step (3). 



3. Using Lemma 3.11[ there exists Xk+i £ T>(Ti) such that \\xk — Xk+i\\ < 



3R, and ||x — < ||x — Xk\\ — R- Since T\ — Xk and T 2 — Xk agree at 

least up to radius 3R, the choice of Xk can be made the same for T\ and 
T 2 . 



J In its contrapositive form. 
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agree on this ball. 

If they do agree, the next is a return vector for 
both Tiand T 2 . 



Figure 6: An illustration of the algorithm. 



4. Return to step (2). 

This algorithm terminates. Indeed, the distance between x k and x is reduced 
at each step by at least R. After finitely many steps, Xk and x are within 
distance less than 3R of each other. When this happens, the stopping condition 
(2) applies, and the algorithm stops. The result of the algorithm is a finite 
sequence of vectors (:Ei)j=Q,...,fc such that each Vi := — x% is a return vector 
to S in Vzr- Furthermore, for all i < k, T\ — Xi and T 2 — Xi agree up to radius 



at least S , which is greater than v 1 . Therefore, by Lemma 3.13 

h Tl -xi(vi) = h T2 - Xi (vi), 

and these are return vectors to S', which we note (ifi)i=o,...,fc-i- 
Because of the stopping condition of the algorithm above, 

DiTx-x^-Xk) > (3R+S- 1 )- 1 , and therefore D(h(T 1 -x k ),h{T i -x ]l )) > s. 

Now, just remark that 

h(Ti - x k ) = h{T t -v -Vi- Ufe-i) 
= h(Ti) -w - ... - u) fe _i. 

In particular, there is a same y such that h{Ti — x) — h(Ti) — y, i — 1,2. 

It was proved that h(Tx) — y and h(T2) — y disagree on the ball of radius 
e _1 . Additionally, 

llvll <M\\x k \\ 

< M(\\x\\ +3R), 
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where the first inequality if obtained by Lemma |3.9| and the second by the fact 
that || a; - ar fc || < 3R. 

To sum up, it was proved that whenever two tilings T± , T 2 € S disagree 
within radius <5 _1 + r, then their images have to disagree within radius at most 
Mr + C for a constant C = e^ 1 + 3M R. Therefore, 

psir + S' 1 ) <p s ,(Mr + C). 

Up to changing M and restricting r to large values, one gets p~,(r) < ps'(Mr). 
The other inequality is obtained by reversing the roles of h and ft, -1 . □ 

The following result is an immediate consequence of this theorem. 

Corollary 3.15. Let be a (repetitive, aperiodic, FLC) tiling space, with 
polynomial complexity function, which means that there exists an a such that 
for some S (and hence for all S), there are two constants C% and C2 such that 
for all r big enough, 

dr a < p{r) < C 2 r a . 

Then the exponent a is a homeomorphism invariant of the space: any tiling 
space which is homeomorphic to has polynomial complexity function with 
the same exponent a. 

The main tool for showing that two homeomorphic tiling spaces have equiv- 
alent complexity functions is the study of how an orbit is sent to an orbit. A 
big part of the information carried by a homeomorphism lies in the ways orbits 
are deformed. How this relates to "tiling deformations" is addressed in the next 
section. Before moving to this topic, it is worth pointing out that the techniques 
which were applied to the complexity could also be applied to other quantities. 
Namely, it is reasonable to conjecture that the repetitivity function of a tiling] 
is preserved by homeomorphism (up to equivalence). An application of this 
conjecture would be that any tiling space which is homeomorphic to a linearly 
repetitive tiling space is itself linearly repetitive. 

4 Interpretation in terms of deformations 

There have been essentially two approaches for understanding tiling deforma- 
tions. In the first one — due to Clark and Sadun jS] — a deformation is defined as 
a map from the set of edges of a polytopal tiling to E rf . The image of an edge is 
a (a priori) different edge; fitting edges together, it defines a deformation of the 
tiling. This map needs to be pattern- equivariant in the sense that the image of 
an edge of T should be determined by the local pattern around it. 

The other point of view uses Kellcndonk's pattern-equivariant differential 
forms [HI EH] ■ A function defined on ~R d is T-equivariant for some fixed tiling T 
if its value at x only depends on the local pattern of T around x. A deformation 

3 It is a function r h-> M(r) which counts the size within which any patch of size r will 
repeat in a tiling. 
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of a point pattern T>(T) is then the image f(T>(T)) under a differentiate function 
/ : R d -> R d , with T-cquivariant differential. 

In both cases, a deformation is associated with an element in the cohomology 
of the tiling space: the Cech cohomology on the one hand (interpreted in [6 
by using the pattern-equivariant formalism), and the pattern-equivariant De 
Rham cohomology on the other hand. These cohomology groups turn out to 
agree P3EH5J. 

The goal of this section is to explain how, starting with a homeomorphism 
h : ft — > ft', one can associate a cohomology class in H 1 (fi,M d ). This class 
turns out to be unique modulo infinitesimals (or cquivalently, it is unique in 
Kcllcndonk's mixed cohomology group). The formalism in this part is hybrid 
between Kcllcndonk's and Clark-Sadun's, and also uses some elements of the 
work of Savinien Bcllissard and Boulmczaoud-Kellcndonk. 

4.1 A few definitions 

This section provides a brief overview of how deformations of tilings were de- 
fined, and how they are associated with cohomology. The Clark-Sadun point 
of view is used here. 

Let T be a polygonal tiling, which is fixed from this point on. It gives M. d a 
CW-complex structure. Let T>(T) be the set of vertices of T (the 0-skeleton). 
Assume G T>(T). Let £ be its set of edges (it is formally a subset of the tangent 
space of the affine space M. d , that is a subset of M. d x K d , where the first summand 
records the position of the starting point of the edge, and the second summand 
records the vector itself). Each edge is recorded twice with both orientations: 
if [x, v) € £, then {x + v, —v) G £. The notation is — (x, v) = (x + v, —v). 

The T-equivariant cellular cohomology is defined using the chain complexes 
of R d viewed as a CW-complex, and the usual boundary operator. Strongly 
pattern-equivariant cochains valued in E are cochains which satisfy the following 
condition: 

(T - x) H B(0, R) = (T - y) n B(0, R) <p(x, v) = <p(y, v), 

for a given R, and for all (x,v) and all (y,v) G £. Weakly pattern-equivariant 
cochains / are such that for all e > 0, there is a strongly equi variant cochain g e 
such that for all e G £, 

\\f(e) - g e (e)\\ < a. 

This cochain complex comes with the usual coboundary operator, and the 
coboundary of a strongly (resp. weakly) equivariant cochain is also strongly 
(resp. weakly) equivariant. The cohomology groups are denoted: 

R k pe>a (n T ;E) and K k pe>w (tt T ; E) 

respectively. 

As pointed out in [B], a strongly pattern-equivariant cochain is actually 
a cochain defined on the module of 1-chains of an appropriate finite CW- 
approximant of the space (a.k.a. Anderson-Putnam-Gahler complexes [T]). So 
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strongly T-equivariant cellular cohomology is is isomorphic to Cech cohomology 
of fi T . 

Let / and g be 1-cocycles, such that / — g is the coboundary of a weakly 
pattern-equivariant 0-cochain. Then there is s : T>(T) — > E such that for all 
edge (x, v) G £ , 

(/ ~ SOO, v ) = s ( s + w) - s(x). 

Note that by weak pattern equi variance, this function s defines a continuous 
function s on 3 — > E, by extending the following uniformly continuous and 
densely defined function: 

s(T — x) = s(x). 

Equi variant cocycles with respect to T can always be interpreted more "glob- 
ally", as objects defined on appropriate transversals of the tiling space. Here, 
this standpoint is used only for 0-cocycles, as it is the simplest; the reader can 
refer to the definition of P V-cohomology [TU] , and its comparison with pattern- 
equivariant cohomology in [5]. 

The relation / ~ g if / — g is the boundary of a weakly pattern equivari- 
ant function is an equivalence relation on cocycles, and defines an equivalence 
relation on strong cohomology classes. The quotient group is called the mixed 
group: 

Hpe,m — {strongly cquivariant 1-cocycles} / ~ . 

It is also said that / — g is asymptotically negligible if its image in the mixed 
group is zero. This is not the original definition of asymptotically negligible as 
it can be found in [B], but it is equivalent (see |10|). 

Remark 4.1. Kellendonk's pattern equivariant De Rham cohomology allows to 
define analogous groups H^ R using differential forms (this is how the weak and 
mixed group were first defined). Weak, strong, or mixed cohomology groups do 
not depend on the way they are defined, see [5]. 

H^.(fi T ;£) ~K h pc jn T ;E) for . e {s,w,m}. 

Deformations of tilings are closely related to the cohomological objects above. 
The data encoding a deformation is a map /:£—>• M. d satisfying the following 
conditions: 

• Strong pattern equivariance: there is an R such that for all e = (x, v) G £, 
the value of f(x, v) only depends on (T — x) n B(0, R); 

• fi-e) = -/(e); 

• The image of a tile is a tile. 

The last condition is actually a cocycle condition: a 2-dimensional tile (or face 
of a tile) consists of a closed cycle of edges. The condition that it is a face 
implies that the images of these edges have to sum to zero. 
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Given such a deformation data /, the deformation map F is defined as 
follows: if 



i-l 



x 



then 



^ Vi with Vi, I y^,Vj,Vj I S £, 
i=i \j=i 

n I i—1 

In other word, F(x) is computed by choosing a path of edges to x, and con- 
catenating the images by / of the edges. Two paths from to x differ by a 
boundary so choosing two different paths gives the same image. Note that the 
deformation is defined on the 0-skeleton of the tiling T. It is therefore a map 
from a Delaunay set to an other point set. 

Remark 4.2. At this point, it should be assumed that in order to be called a 
deformation, F sends T>(T) to a Delaunay set. This is the case when / is a 
small deformation data (that is f(x,v) is close to v). More generally, it seems 
sufficient to assume that / deforms any tile in a tile with non-empty interior 
and either consistently preserves or consistently changes the orientation. It is 
unknown to the author whether there is a necessary and sufficient condition 
which can be stated on the deformation data /, and is equivalent to the fact 
that F(V(T)) is Delaunay. 

Assume / and g are two deformation data such that / — g is a coboundary. 
There is then a T-equivariant function s defined on T>(T) such that / — g = 8s. 
A computation shows that F — G = s — s(0). If one sees s as a function defined 
on 5, it is equivalent to (F — G)(x) = s(T — x) — s(T). 

4.2 Tiling space homeomorphisms as deformations 

In light of the discussion above, it appears that tiling space homeomorphisms 
are related to deformations. Let h : £1 — > f2' be a homeomorphism, and h e , S, H' 



be the data provided by Lemma 3.8 Let V and V be the local pointing rules 
associated with S and 5', and let T € S. 

Let T be the local derivation introduced in Lemma [3~9| such that for T € 5, 
T(T) is a triangulation with vertices T>(T). Let T' be the image triangulation 
rule, with vertices given by the pointing rule D' , and such that two vertices are 
linked by an edge in T' if and only if their preimages by h E are linked by an 
edge in T ■ The image of the triangulation does not need to be a triangulation 
itself (see Figure [5]) . 

Then h e induces a deformation. Indeed, let v be an edge of the triangulation 
T, and E v := 3flH — v. Then the map T H> h e-T {v) is continuous, and its image 
is a return vector to 5'. By finite local complexity of T>'(T') (T' € fi'), the range 
of this map is finite, and so it is locally constant. Therefore, the is an R v > 



such that h E ^T(v) only depends on TO B(0, R v ) (see also Lemma 3.13). Taking 



R = max {./?„} , there is a strongly pattern-equi variant deformation data / with 
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radius R. For all Tea, / induces a deformation F T : T(T) i-> T'{h e {T)). This 
function coincides with /i e on 3, and is the function g defined in Lemma |3.9| 
Because of this, h is associated with a cohomology class in IIg(17;]R d ). This 



class depends a priori of the choice of 5, 3 and h s . However, by Lemma 3.8 
there is a function s such that h s — h — s for a continuous s defined on 17. In 
the "leaf-wise" picture, it amounts to: 

1i £ t(x) — hx{x) — s{T — x). 

In other words, h e and h differ by a weakly equi variant coboundary. Therefore, 
two different choices of 3, 3' and h e would lead to deformations which differ by 
a coboundary. Therefore, the cohomology class of h is defined unambiguously 
in the mixed group. 

Proposition 4.3. Let h : 17 — > 17'. Then, there is a well-defined cohomology 
class [h] m in the mixed cohomology group, such that 



for any deformation h e given by Lemma \3.8\ The image does not depend on the 
choice of h e . 

In addition, whenever two homeomorphisms correspond to the same class 
(i.e. they differ by a coboundary), their images are topologically conjugate, as 
stated by the following proposition. 

Proposition 4.4. Let h\ : 17 — > 17' and hi : 17 — > 17" be homeomorphisms, 
which differ by a weak co-boundary, that is there is a continuous function s : 
17 -)• R d such that for all T e 17 and all x € R d , 

h 2 , T {x) = hi, T (x) - (s(T) - s(T - x)). (3) 

Then the tiling spaces 17' and 17" are topologically conjugate. 

Proof. The proof is essentially an adaptation of the one in [B] , with a slightly 
different formalism. A preliminary computation shows that for a homeomor- 
phism h between tiling spaces, the following homeomorphisms induced on the 
leaves are equal: (ft- _1 )/ l (T) = (^t)~ 1 (this is left as an exercise). 

For all T € 17' and all y e R d , let us compute h 2 o h^ 1 ^' - y). Let 
T=h^{T'). 

h 2 ohi\T' -y)=h 2 (T-h^(y)) 

= h 2 {T) - h 2 .r o h~^,(y) 

= h 2 {T) - h hT o h^(y) - s(T - h^ T (y)) + s(T) 

= h 2 o hi\T') y s(hl\T') - (fcrVfo)) + siK'iT')) 

= h 2 o h^(T') -y-so }q x {T' -y)+so h^{T'). 
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Now, given T' 6 il', it is possible to define 

ip(T') = h 2 o h^{T') -so h^\T'). 

By the computation above, it commutes to the action, and is therefore a bijection 
leaf-wise. Since hi and h 2 are bijective, ip induces a bijection between the set of 
leaves il'/R d — > il"/K d . Putting things together, ip is bijective. It is obviously 
continuous. It is therefore a homcomorphism by compactness. In the end, it is 
a topological conjugacy. □ 

Conversely, from a recent work of Kellendonk and Sadun |12j , a topologi- 
cal conjugacy is (up to mutual local derivations) essentially a weakly pattern- 
equi variant deformation. It seems to provide a converse of Proposition |4.4| 
whenever the following commutative triangle occurs, 




with hi homeomorphisms, and ip a topological conjugacy, then hi and h 2 differ 
by a weak coboundary, and therefore have the same cohomology class in the 
mixed group. 

As a conclusion, it seems that the mixed cohomology group of a tiling space 
O can be used to describe homeomorphisms to (generally) other tiling spaces up 
to topological conjugacy. More precisely, the cohomology class describes how 
the homeomorphism h deforms the action of R d on the leaves. It is interesting 
to point out that in the finite local complexity case, there is always a strongly 
pattern-equivariant deformation underlying a homeomorphism (up to a weak 
co-boundary): it is not the weak cohomology group which is used. 



4.3 Discussion on a groupoid interpretation 

As remarked in [5j, pattern-equivariant cohomology theory can be approached 
using groupoid cohomology. It turns out that deformations can be described 
quite simply using the groupoid, and the link with cohomology is then quite 
direct. 

Following [T7], given a topological groupoid G, a 1-cocycle with values in a 
group G (say G = R fe or Z k ) is a groupoid morphism Q — >• G (where G is seen 
as a groupoid with a unique base point). A 1-coboundary is a morphism which 
is induced by a continuous function b : -> G as follows: 

ip b (x) = b(r(x)) - b(s(x)), 

where r and s are the range and source maps, respectively. 
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Clark Sadun's approach in the groupoid setting Let 5 C be a transver- 
sal and V be the set of return vectors to this transversal (Definition 3.121. Let 



g = {(T,v)EZxV;T-veZ} 

be the reduction of the tiling groupoid to a transversal. By a slight abuse of 
terminology, this groupoid is noted S X V. Then a morphism Q — > R d is a map 
which satisfies: 

/((T - x, y)(T, x)) = f(T -x,y) + f(T, x), 

or equivalently 

f(T, x + y) — f(T - x,y) — f(T, x) = 0. 

It can be restated as follows: whenever there exists a tiling T in which there 
is a cycle of return vectors x, y, — (x + y) which sum to zero, their image by / 
is zero. It is the cocycle condition which is also required to define deformation 
data. In this formalism, given a triangulation with edge set £, a deformation 
data is a map 

f:{(T,v)eg;ve£}^R d 

which is locally constant, and can be extended to a groupoid morphism / : Q — > 
M. d . Note that the subset on which / is defined is a generating set for Q. Then 
for a give T € 3, the deformation induced by / is then given by this map defined 
on V(T): 

F T (x) = f(T, x) for x £ V(T). 

In the end, a deformation data gives rise to a groupoid morphism, which is itself 
a cocycle. 

Kellendonk's approach in the groupoid setting In the Kellendonk frame- 
work the appropriate groupoid is f2 x M. d . A deformation F is a map M d —¥ M. d , 
such that the differential df is T-equi variant. Using the equation 

F(x + h)- F(x) = [ dF(x + th) ■ h dt, 
Jo 

one proves that for all fixed h, the function x H> ^(a; + h) — F(x) is pattern- 
equi variant. Therefore, it defines a groupoid morphism ft x R d — > R d , which is 
the extension by continuity of the following map: 

(T - x, h) i — ► F{x + h)- F{x). 

Therefore, it defines a E d - valued cohomology class of the groupoid f2 xi M. d . 
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Tiling space homeomorphisms in the groupoid setting Last, consider 
a homcomorphism h : f2 — > f2'. Then, by Theorem 3.4 the map 



(T, x) i — ► h T (x) 

is a continuous map, and a direct check proves that it is a groupoid morphism. 
Therefore, it is a cocycle, and represents a cohomology class. 

It appears that groupoids provide a convenient common framework for ad- 
dressing both deformations and cohomology of tiling spaces. As it appears, 
homeomorphisms between tiling spaces also fall in this framework. 

However, attention should be paid to several points: the groupoid cohomol- 
ogy could be represented by continuous, or locally constant cocycles in the case 
of the cohomology of the groupoid 3 X V. It would lead to different cohomology 
groups in general (when the ring of coefficients is E, for example). It is pos- 
sible to define an analogue of the strongly equivariant and weakly equivariant 
cohomology group, as well as a mixed group. 

Similarly when the groupoid is f2 x M. d , it is possible to use continuous co- 
cycles, transversally locally constant cocycles, differentiable cocycles. It would 
lead a priori to different cohomology theories. Some of these groupoid cohomol- 
ogy theories were compared in [5] ; one can also refer to work by Kellendonk and 
Putnam [TT], where they study the cohomology of the group M. d with values in 
the module C°°(f2;R) of functions which are differentiable along the leaves and 
possibly transversally locally constant. This "dynamic cohomology" is related 
with the cohomology of the groupoid. 

Even if some of the formal work of verification has yet to be done, it is rea- 
sonable to conjecture that, regardless of the groupoid which is being considered, 
one can form weakly pattern-equivariant cohomology groups, strongly pattern- 
equivariant groups and mixed groups, and that these groups are isomorphic to 
the eponymous previously defined groups. 



4.4 Concluding remarks 

It was proved that whenever two aperiodic repetitive tiling spaces with finite 
local complexity are homeomorphic, the homeomorphism is not far from be- 



ing Lipschitz along the leaves (Lemma 3.9), and therefore has to preserve the 



complexity function, to some extent. Such a homeomorphism gives rise to a 
cohomology class in a mixed group, which parametrizes deformations up to 
topological conjugacy. Some questions still remain. 

• It would be tempting to state that a tiling space homeomorphism "is" 
a deformation, up to topological conjugacy. However, this might be a 
bit fast. Given T S £1, it is possible to derive V(T) and to deform into 
T>'(h(T)), but this second point set does not need to be MLD to T' , it 
is just locally derived (see for example Figure [T]). It could be possible to 
fix this problem by finding a sub-transversal 3" C 3' such that the new 
(sparser) Delaunay set V"(h(T)) is MLD to h(T). While this might be 
possible for a large family of tilings (including those which are uniquely 
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ergodic and have zero entropy), it is unknown to the author whether it 
can always be done. 



• In relation with the previous point: since the point pattern T>' (h(T)) does 
not need to be MLD to h(T), its tiling space could be a strict factor 
of fy. In other words, the deformation underlying the homeomorphism 
h : Q — > O' could also be a deformation underlying a factor map. There- 
fore, the mixed group may represent deformations up to topological con- 
jugacy, but probably not homeomorphisms up to topological conjugacy. 
It may only be true in frameworks where the maps are assumed to be 
homeomorphisms . 

• Given a homeomorphism £1 — > f2' which sends a transversal 5 to a transver- 
sal S', it is possible to find a strongly pattern-equivariant deformation 
data which induces a deformation of the pointing rule V(T) into T>'(T) 



for T £ S, as explained in this section (it is also the map g of Lemma 3.9 1. 
It was also proved by Kellendonk in (TUJ Theorem 4.10]. However, is it 
possible to ensure that the deformation maps R d — > K d are homeomor- 
phisms? In other words, given a homeomorphism h : il Q', is it possible 
to find another homeomorphism h! : Q O', which differs from h by a 



weak cocycle (in the sense of Proposition 4.4 1, and which is induced by 
a strongly pattern equivariant deformation data? Equivalently, such that 
the induced groupoid morphism (T,x) <-> h' T (x) is locally constant in the 
first variable. I would conjecture that the answer is yes, but the topological 
technicalities might be quite important. 
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